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The conventional quantum Brownian propagator, which describes the evolution of a system of interest 
bilinearly coupled to and initially uncorrelated with a reservoir, does not preserve positivity of density 
operators, prompting workers to modify the propagator by the ad hoc addition of time-independent terms to 
the corresponding generator.  We show that no such terms need be added to the generator to preserve 
positivity provided one accounts for the rapid entanglement of the system of interest and the reservoir on a 
time scale too short for the conventional propagator to be valid.
Introduction
The conventional quantum Brownian propagator for a harmonic oscillator, )exp(tL , has 
the generator [1,2]
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where   is a positive coupling constant, BABA },,{  † BA  † A2 † B  and
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This propagator may be derived by considering a total system consisting of the harmonic 
oscillator coupled to a reservoir of other oscillators, where initially the harmonic 
oscillator and the reservoir are uncorrelated [1,2].  Although possessing many desirable 
features, such as a close correspondence to the classical analogue, it is known [3-5] that a 
problem can arise when using this propagator: )exp(tL  does not map the set of density 
operators V (i.e., the set of positive Hermitian operators with unit trace) into itself [6].  In 
particular, if   V, then )exp(tL  is of unit trace and Hermitian, but is not necessarily 
positive for all 0t . Because a basic tenet of quantum mechanics is that density 
operators representing a system of interest be positive, L  has been modified in the 
literature by the ad hoc addition of the term mkTpp 8/},,{  to preserve positivity [7]; 
in fact, the addition to L of any time independent term that is proportional to },,{ pp  , 
where the constant of proportionality is less than or equal to mkT8/ , ensures positive 
evolution.  
In this paper, we show that no such ad hoc term need be added to L  to preserve positivity 
provided we account for the rapid entanglement of the harmonic oscillator and reservoir 
on a time scale t  too short for )exp(tL to be valid [8].  This fast evolution, which is 
associated with a boundary layer and arises in part because the harmonic oscillator and 
the reservoir to which it is coupled are initially uncorrelated, is described by an inner 
propagator  J )( t  that acts on this short time scale t .  We derive the inner propagator 
below from first principles in an inner limit.  The inner propagator maps V to a smaller 
set V’ of generally non-pure, positive density operators: V’ =J(t) V   V.
2The physical picture that emerges is that of a density operator entangling rapidly 
with the reservoir in an inner limit, and evolving subsequently with the approximate outer 
propagator )exp(tL in an outer limit, all the while remaining positive. (In the context of a 
two level system coupled to a reservoir, see also [9], which reference is discussed below.)  
A simple patch of the inner and outer limits yields positive evolution [10]:
      
            )()()0( ))exp(()(J tt Lttt   V, for tt  .
Exact Solution
Perhaps the most ubiquitous model leading to Equation (1) for studying quantum 
Brownian motion is that of a harmonic oscillator (system of interest) bilinearly coupled to 
an infinite number of other oscillators (reservoir).  The total Hamiltonian describing such 
a system of interest and reservoir is





 
N
n
nn
N
T qq
qm
m
p
H
1
0
0
222
22




 , (3)
where ),( 00 pq  and ),...,,,...,( 11 NN ppqq are the canonical coordinates of the system of 
interest and reservoir, respectively.    The Liouville equation associated with TH  was 
solved exactly in Ref. [2] in the representation that yields the total Wigner function, TW .  
After introducing a spectral strength function
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where  is a high frequency cut-off,  is a measure of the coupling strength between the 
system of interest and the reservoir, and  are the frequencies of the reservoir oscillators, 
and after assuming a factorized initial state,  Reibold and Haake [2] when on to compute 
the exact, reduced Wigner function, ),,( tpqW , (obtained by integrating TW  over the 
reservoir variables) describing the time evolution of the system of interest: 
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where )',(0
~
kkW  is the Fourier transform of the initial Wigner function,
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However useful this solution is, the structure of ),,( tpqW  does not lend itself to easily 
discerning the underlying physics of the system of interest in contact with its 
surroundings.  Moreover, the Wigner function is not well suited to theoretical studies 
related to positivity of the reduced density operator of the system of interest, )(t .  Thus, 
we first compute the reduced density operator )(t  that corresponds to ),,( tpqW .  The 
reduced density operator is presented below in a factorized operator form that makes 
evident the underlying physics and that is conducive to a study of positivity.
To obtain )(t from the Equation (5) for ),,( tpqW , the following steps are useful:
a) change the variables of integration according to
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where S is the orthogonal matrix that satisfies
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to diagonalize the last exponent in Equation (5):
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the eigenvalues   and being given by [11] 
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if 0b , and the same matrix but with the first column multiplied by –1 if 0b ; 
b) letting ijS  be the matrix elements of S , introduce the unitary operator 
~
M defined by  
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dependent linear transformation of the position and momentum operators
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generally BABA },,{  † BA  † A2 † B ,  use the following identity [13]:
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and finally,
e) use the operator relation
5)]2exp(),2exp([)4exp(),(})],,{},,({exp[   pqpqqppqi  , (16) 
where  is an arbitrary real parameter having the same dimensions as 1 .
The central result of this section follows:
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In this exact operator form, the meaning of each of the factors is manifest.  In particular, 
the first exponential factor gives rise to dissipation, the second and third factors give rise 
to fluctuations arising from the interaction of the reservoir with the system of interest, 
and the final factor involving the unitary operators N and 
~
M gives rise to reversible 
evolution.
Outer solution
The generator L of Equation (1) may be obtained from Equation (5) by i) differentiating 
with respect to time, ii) invoking a high temperature approximation, and iii) considering 
the outer limit where   with t fixed but not equal to zero [2].  The propagator 
)exp(tL  approximates the outer solution of the dynamics of the harmonic oscillator.
The last limit is delicate: as a consequence of the fact that the   limit is not 
uniform in time, a boundary layer arises that renders the outer solution invalid for times 
shorter than O( /1 ).  Because of this non-uniformity, the 0t limit of the outer 
solution, referred to as a “slip” or “effective initial data” [2], does not correspond to the 
true initial condition [14].  For times shorter than )/1( Ot  , an inner solution, 
describing the rapid entanglement of the system of interest and the reservoir, should 
instead be considered, and is the key to preserving positivity.
Inner solution
To obtain the inner solution associated with Equation (17), we consider the inner limit in 
which   with t constant but non-zero.   Since in the inner limit, 1~)(tR , 
Equation (17) simplifies to
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where t 
~
with 0t , and kT/max    [15].
The inner solution (18) is manifestly positive, involving as it does either unitary 
operators, or operators of the form },,{exp( BB  ) [16].  What is not obvious, however, 
but what we now show, is that propagation of all density operators with the outer 
propagator yields a positive operator provided the inner propagator acts first: 
])exp[( Ltt   J )0()( t 0  where )/1(0 Ot  [10].
There is no inconsistency here.  The propagator )exp(tL , not being of Lindblad 
form [16] (i.e., the exponent is not a sum of terms of the form },,{ BB  ), does not 
preserve positivity on the set V.  However, as we show below, on the smaller set V’ =
J(t)V, it does preserve positivity.
Positivity
We now show that under appropriate conditions stated below
           ])exp[( Ltt   J )0()( t 0 .  (22)
 For this purpose, we introduce the following operators: 
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In view of expression (22), we will ultimately take 2t  to be equal to tt  and 1t to 
be )/1( Ot  .  On the right hand side of Equation (23), the first exponential factor 
)exp( 2 HLt is associated with unitary evolution and clearly preserves positivity.  On 
8account of identity (14), the third exponential factor also preserves positivity.  The 
second exponential factor of Equation (23) can be shown [18] to preserve positivity if 
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which can indeed be shown to be true in a high temperature regime defined by:
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where we note that in the inner limit )(~)( 11 tt  , the last quantity being given by 
Equation (21) whose right hand side is an increasing function of time.  We conclude that 
when   and inequality (28) is satisfied, expression (22) is true.
As a global propagator valid for all times )/1( Ott  , the left hand side of 
expression (22) is rather naïve in that we have simply patched the inner and outer limits.  
(For times  )(, ttt  J )0()( t .)  A better approach, which we are currently 
investigating, employs boundary layer theory.  Either way, the physics is clear.  Being 
initially uncorrelated, the harmonic oscillator and the reservoir become rapidly entangled 
on a time scale )/1( O .  This rapid dynamic behavior, which is associated with a 
boundary layer, is governed by the positivity-preserving inner propagator of Equation  
(18).  This propagator maps the set of all density operators V into the smaller set V’, on 
which )exp(tL  preserves positivity under the conditions stated above.
V’ is a proper subset of V because pure density operators are generally mapped 
into mixed states, with an accompanying rise in entropy.  For example, it can be shown 
that the linear entropy ),(Trln 2 tk  with )(t  J )()[( tMt † )]()0( tM V’ and with 
)0(  being the coherent state 00 , is given by
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From the inner limit expressions (20) and (21), one can show that )(),( tt   and the 
linear entropy are increasing functions of time (although Equation (29), like all inner 
limit expressions, are only valid for )/1( Ot  ).
It is also of interest to note that for any element of V’, the position and momentum 
uncertainties must satisfy 
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the asymptotic expressions being valid in the inner limit. 
The present study sheds light on a previous approach [4] for obtaining positive 
evolution that considered an initially correlated total density operator, instead of the 
uncorrelated state assumed in the above analysis.  J )0()( t  corresponds to Trr )( tT  , 
the trace over reservoir variables of the total density operator evaluated at t .  If we were 
to take t as our initial time, with )( tT   the total initial correlated state, then we have 
seen from the above analysis that the appropriate inner limit of Trr )( tT  remains 
positive when propagated with the conventional quantum Brownian generator L .  Starting 
with an initially correlated state is a promising approach because, as shown above, it 
negates the necessity of having to employ a propagator of Lindblad form to preserve 
positivity [19].
Finally, we note that in a numerical study of the Markovian Redfield equations 
describing a two-level system coupled to a reservoir, Suarez et al. [9] observe that non-
local effects seem to restrict a class of density matrices that can evolve under the Redfield 
equations, and that only this restricted class has to be mapped into a set of positive 
matrices.  Noting that the slipped or effective initial data is related to the fast adjustment 
of the system and reservoir to each other, Suarez et al. suggest that positivity would be 
preserved under the Redfield equations if the effective initial data were used.  However, 
for the harmonic oscillator investigated here, the use of the aforementioned effective 
initial data is not a general remedy to cure the positivity problem.  For example, in Ref. 
[2], it is shown that the effective initial data are not generally positive.  In contrast, we 
have shown that the set J(t) V is positive and, when  and expression (28) hold, that 
the conventional quantum Brownian propagator preserves positivity thereon.
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